Consider a particle sitting at a fixed position outside of a stable black hole. If the system is heated up, the black hole horizon grows and there should exist a critical temperature above which the particle enters the black hole interior. We solve a simple model describing exactly this situation: a large N matrix quantum mechanics modeling a fixed D-particle in a black hole background. We show that indeed a striking phenomenon occurs: above some critical temperature, there is a non-perturbative Bose-Einstein condensation of massless strings. The transition, even though precisely defined by the presence of the condensate, cannot be sharply detected by measurements made in a finite amount of time. The order parameter is fundamentally non-local in time and corresponds to infinite-time correlations.
Introduction and set-up
In classical General Relativity, the Principle of Equivalence implies that absolutely nothing special happens when an infalling local observer crosses a black hole horizon, at least when the black hole is much larger than the Planck length. The quantum version of this scenario remains, however, poorly understood and is at the basis of puzzling paradoxes (see e.g. the recent review [1] and references therein). A basic difficulty is that the known formulations of the quantum mechanics of black holes are based on holography, a framework in which the time associated with the quantum mechanical unitary evolution matches the asymptotic time of the black hole geometry. The infinite redshift factor at the horizon then prevents in principle the detection of the crossing of the horizon, at least in finite time. Other aspects of the physics associated with black hole horizons are much better understood, like the presence of a continuous spectrum and the relation between the quasi-normal behaviour and thermalization (see e.g. [2, 3] and the review [4] ).
The aim of the present paper is to propose and study a simple framework in which the crossing of a black hole horizon by a localized probe can be precisely discussed. We consider a stable black hole in the presence of a probe particle at a given position in space. A string-inspired set-up for this situation consists of a large number N of background D-branes describing the black hole and a probe D-brane playing the role of the particle. A simple Hamiltonian modeling such a brane system was considered by Iizuka and Polchinski in [5, 6] ,
The N × N matrix operators X and Π satisfy the reality conditions (X . They create open strings joining the probe D-particle and the black hole branes. The mass M of these open strings is proportional to the distance between the black hole branes and the probe particle and thus parameterizes the position of the particle in space. The cubic coupling a † Xa is the simplest non-trivial coupling between the black hole and the open strings one can imagine. The quartic coupling a † a † aa ensures the stability, i.e. the existence of the partition function, of the model. 1 Iizuka and Polchinski studied the model in the limit M → ∞ and found the expected quasi-normal behaviour [5, 6] . Their results strongly support the idea that a simple Hamiltonian like (1.1) is able to capture important features of black hole physics, in spite of the fact that more realistic D-brane probe Hamiltonians include more interaction terms (see e.g. [7] for explicit constructions). Similarly, we believe that the qualitative phenomena found in the present paper using (1.1) will persist, at least in a wide class of more complicated examples. For example, one may consider an arbitrary interacting potential V (X) for the matrix X instead of the simple harmonic potential, or include more general interaction terms like a † X 2 a in the Hamiltonian, without changing the basic features of our discussion below in any crucial way.
The limit M → ∞ studied in [5, 6] corresponds to a probe sitting infinitely far away from the black hole. The open strings are then infinitely long and massive and thus cannot be thermally excited. This simplifies the analysis considerably. However, for the purpose of studying the physics associated with the crossing of the horizon, it is clearly essential to put the probe at a finite distance from the black hole and thus to keep M finite. This explains why the physics we describe below is not found in [5, 6] .
The black hole interpretation of (1.1) suggests a surprising behaviour of the model as a function of temperature. If we gradually increase T , the entropy, or equivalently the area of the horizon, will grow.
2 It is then clear that there should exist a critical temperature T c at which the black hole captures the probe particle. The high temperature regime T > T c should then correspond to the particle probing the black hole interior! This heuristic picture suggests that something rather drastic has to happen above some critical temperature for models of the form (1.1). One could expect a sharp transition at T = T c , associated with the particle crossing the horizon. This is rather paradoxical. Non-trivial phases are usually found by going to low temperature, not to high temperature. Moreover, the infinite redshift at the horizon suggests that massless degrees of freedom play an important role in understanding the transition from T < T c to T > T c . This seems to contradict the standard lore in statistical physics which indicates that low energy excitations become irrelevant at high temperature. It hints at a sort of UV/IR relation for models of the form (1.1), with important high temperature (UV) properties governed by massless (IR) modes. Even more puzzling, the infinite redshift seems to imply that the transition, whatever sharp, cannot be detected in finite time! Our main result is to show that, indeed, the model (1.1) displays a new kind of large N phase transition having all the expected properties explained above. The transition corresponds to a non-perturbative 3 Bose-Einstein condensation of massless strings above T c . 4 Even though the transition is sharply defined by the presence of the condensate, it is of infinite order and even analytic, in the sense that all finite time physical observables are analytic at T c . The order parameter is fundamentally nonlocal in time and corresponds to the infinite time limit of a two-point function. The limit is zero in the normal phase for which the particle is outside the black hole and non-zero in the condensed phase, after the crossing of the horizon. In the following, we explain how this interesting physics comes about in the simplest possible terms. A much more detailed presentation will be given in a companion paper [8] .
To the best of our knowledge, the physics we find has not been discussed before, in spite of the fact that similar models have been studied in the literature, for example in the very interesting paper [9] . In particular, we find a sharp signal associated with the horizon, whereas previous works did not. The reason could be that previous calculations used rather uncontrolled approximations, which cannot capture the effect we describe.
Two-point function and spectral density
The fundamental observable on which we focus is the real-time two-point function at finite temperature T ,
and its Euclidean counterpart
where ν k = 2πkT are the Matsubara frequencies and a E (τ ) = e τ H ae −τ H as usual. In (2.2), the first equality is valid for 0 < τ < 1/T whereas the second equality extends the definition of the correlator for any value of Euclidean time. It is also very useful to introduce the spectral function
in terms of which the normalized average number of open strings reads
This relation, valid in the full interacting theory, formally coincides with the usual formula for the occupation number of an ideal Bose gas of spectral density ρ. Accordingly, the spectral function can be interpreted as giving the spectrum of open strings in our problem. In particular, if we turn off the couplings in (1.1), ρ(ω) = δ(ω − M ). Another useful object is the so-called resolvent, 5) which is an analytic function on both the upper-and lower-half complex z-plane.
By using unitarity and the spectral decomposition of the two-point function, it is straightforward to prove the following important properties (see e.g. [10] for a detailed account):
i) The spectral function ρ is real, positive for ω ≥ 0, negative for ω ≤ 0 and normalized,
ii) The Matsubara coefficients satisfy G *
iii) The spectral function and the Matsubara coefficients at non-zero frequencies can be obtained from the resolvent R,
6)
The zero-frequency contributions cannot be obtained from R alone in general and are parameterized by a non-negative constant n 0 . The constant n 0 is zero to all orders of perturbation theory, but will play a crucial role in our analysis. 6 3 The solution of the model
As explained in [8] , the solution of the model in the large N limit (thermodynamic potentials, real-time and Euclidean correlators) is fully encoded in the coefficients G k or, equivalently, in the function ρ. The G k themselves can be computed from an infinite hierarchy of equations which is derived in [8] . It turns out that the solution of these equations greatly simplifies if
This limit is particularly interesting, because it captures the existence of the critical temperature T c and the nature of the transition while simplifying the mathematics enormously. We thus focus on (3.1) in the present letter, leaving the detailed discussion of the general case to [8] .
The condition (3.1) implies that the black hole is highly excited and can be treated classically. The finite temperature matrix quantum mechanics then reduces to a standard zero-dimensional matrix model which can be solved using well-known techniques 5 The spectral density can have a negative tail for negative frequencies in the interacting theory at non-zero temperature because matrix elements of the form p|a † i |q between energy eigenstates can be non-zero even if the associated energies satisfy E p < E q . This is explicitly seen in [8] .
6 If Z = tr e −βH is the partition function and {|p } denotes an orthonormal basis of eigenvectors of the Hamiltonian, H|p = E p |p , then
From this expression, it is easy to prove that n 0 = 0 in perturbation theory. Moreover, n 0 cannot be obtained from R because the spectral decomposition of R only involves matrix elements p|a i |q for E p = E q .
[11]. The upshot is that the matrix X can be replaced by a static density of eigenvalues, for example the Wigner semi-circle law in the case of the harmonic potential used in (1.1). 7 To obtain the solution, one must also take care of the quartic, vector-like coupling in (1.1). At large N , this can be easily done by introducing a HubbardStratonovich auxiliary field φ as usual.
Overall, the solution takes the following simple form. The resolvent (2.5) can be directly read off from Wigner semi-circle law,
where
and M * is a "renormalized mass" fixed by the large N saddle point equation associated with φ,
4)
n being given by (2.4).
The interpretation of this solution is quite simple. First, the effect of the vectorlike quartic coupling in (1.1) is to renormalize the mass M to M * . If M is large (particle far away from the black hole), very few strings will be excited, n 1 and M * M . When M is decreased, the excitation number grows and M * > M . Second, the open string spectrum is broadened around ω = M * due to the thermal coupling to the black hole. The smooth part of the spectral function, given by the discontinuity of the resolvent across its branch cut as in (2.6), is
The width M + − M − = 4 √ ΛT of the broadening is of the order of the coupling energy between the open strings and the black hole. Let us note that if one waives the condition (3.1), the form of the spectral function ρ is much more complicated, but the basic features are maintained [8] : there is a smooth continuous spectrum, mainly centered on M * , with a width growing with the temperature.
A last important comment on the solution is that the zero-frequency piece in the spectral function, or equivalently the Matsubara zero mode G 0 , is not immediately fixed by the above considerations. Indeed, the term βn 0 ωδ(ω) does not contribute to the resolvent and is thus not described by the Wigner's law. We are going to discuss this term in details below. 
The Bose-Einstein condensation
A crucial consequence of the solution (3.5) is the existence of a lower bound on M * , or equivalently on
The problem with M − < 0 can be understood from the formula (2.4), which would predict n = ∞, a "firewall." But this is excluded from unitarity, since it would correspond to a positive spectral density for negative frequencies. Equivalently, R(0) and thus the Matsubara zero mode G 0 , given by (2.7), would become complex, again violating unitarity. When the bound (4.1) is saturated, massless strings appear in the spectrum, since M − is the lower end of the support of ρ. The obvious interpretation is thus that M − = 0 corresponds to the black hole horizon.
To better understand the situation, it is useful to introduce the line of critical points (T c , M c ) defined by the conditions M − = 0, n 0 = 0. The explicit equation for the critical line can be found from (3.4) and (2.4) and reads
The critical line is depicted on Fig. 1 , left inset. One can distinguish three qualitatively different regimes, depending on the large T c behaviour of M c , which is given
Let us first discuss the case Λ/2 < µ < Λ. We fix M > 0 and study the evolution of the spectral density as a function of T . At low temperature, one can reliably use perturbation theory, because the effective interaction energy √ ΛT between the open strings and the black hole is very small. One then finds that n 0 = 0 and
When the temperature increases from zero, a straightforward analysis of the equation (3.4) shows that M − decreases monotonically. Fig. 1 shows that for some critical temperature T c (M ), we cross the critical line. At this point, M − = 0. This is the minimal possible value and around the critical point, M − ∝ (T − T c ) 2 . Plugging this into (4.3), we see that when T > T c (M ) the correct formula for the Matsubara zero mode as a function of M − is given by the analytic continuation,
It is important to stress that there is no such phenomenon of analytic continuation for the Matsubara coefficients G k = −R(iν k ) at non-zero frequencies. Indeed, their branching points as a function of M − are situated at the complex values M − = iν k , which are never realized. Similarly, the expression (3.2) of R(z) as a function of M − is not changed when one goes through the transition for any non-zero complex z, and thus for any z by analyticity in z. 8 This has a dramatic consequence: one no longer has G 0 = −R(0) and Eq. (2.7) implies that
Physically, this corresponds to a Bose-Einstein condensation of massless open strings.
In particular, for T > T c ,
with a non-zero n 0 . The condensate as a function of temperature is depicted on Fig.  1 , right inset.
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The other cases µ = Λ and µ > Λ can be discussed in a similar way, according to the shape of the critical line depicted in Fig. 1 . The important point is that the system is in the normal phase n 0 = 0 above the line and in the condensed phase n 0 = 0 below the line. For example, for µ > Λ and a small enough mass M > 0, the 8 This is also a consequence of the fact that R is entirely fixed in terms of the G k for k ≥ 1 by Carlson's theorem, see e.g. [10, 12] . 9 The transition from the normal phase to the condensed phase is somewhat reminiscent of the transition from the Coulomb branch to the Higgs branch on a D-brane moduli space, but this analogy must be taken very carefully. Coulomb and Higgs branches of the moduli space exist at finite N and correspond to supersymmetric (and thus zero temperature) configurations. To the contrary, the phenomenon we describe depends crucially on both the non-zero temperature and the large N limit.
system starts in the normal phase at low temperature, then goes to the condensed phase for some interval of temperature, and goes back to the normal phase at high temperature, a so-called reentrant behaviour.
We have chosen to discuss the temperature dependence at fixed M , in order to emphasize the striking phenomenon of Bose-Einstein condensation above some critical temperature. Of course, we can study what happens when M varies at fixed T as well. Physically, this corresponds to the probe particle moving in the fixed black hole background. From the shape of the critical line, we see that at large M (particle far away from the black hole) we are always in the normal phase, as expected, whereas below some critical value of M = M c (T ), which is interpreted as corresponding to the location of the horizon, we are in the condensed phase. Moreover, one finds that for any value of M < M c , there is an associated value of M > M c which yields the same M − . This means that the continuous spectra of thermal strings precisely match for these two different values of M , as if the particle entering the black hole were actually bouncing off the horizon! The only difference between the two regions is the condensate which builds up more and more when M is decreased.
A last fundamental point to mention is that all the Matsubara coefficients, including the zero mode, are analytic (and thus infinitely differentiable) at the transition as a function of temperature. The same is true for all the thermodynamic potentials and finite-time correlation functions, which can be expressed in terms of the G k [8] . 10 This implies that, in spite of the sharp definition in terms of the Bose-Einstein condensate n 0 , the transition cannot be detected in finite time! However, the condensate drastically affects the long-time behaviour of the correlation function (2.1), which goes to zero in the normal phase but goes to n 0 = 0 in the condensed phase. The infinite-time correlations thus play the role of the order parameter. 11 
Conclusion
By studying a simple quantum model for a D-particle probing a black hole background, we have discovered a new non-perturbative large N phase transition which is naturally associated with the crossing of the black hole horizon. The basic physics is quite simple. When the temperature increases, the mass spectrum of open strings joining the particle and the black hole broaden and eventually massless strings can appear at a critical temperature T c . 12 In the dual geometric description, this cor-10 This is unlike the usual Bose-Einstein condensation found in weakly coupled Bose gas and is reminiscent of the Kosterlitz-Thouless phase transition.
11 Note that a i = 0 for all T , including when a vanishingly small U(N )-symmetry breaking term ηa i + H.c. is introduced in the Hamiltonian. The expectation value a i thus cannot play the role of an order parameter either.
12 Strictly speaking, this is always true only when Λ/2 < µ < Λ in our model. See the discussion in the previous section for the general case.
responds to the growth of the horizon until it captures the particle. Above T c , the massless strings form a Bose-Einstein condensate. The transition is of infinite order (actually analytic) and cannot be detected in finite time. The infinite time limit of a two-point function plays the role of the order parameter.
We believe that the phenomena just described are rather generic for Hamiltonians of the form (1.1). It will be interesting and important to further explore their role in black hole physics and, more generally, to assess their possible relevance in other strongly coupled many-body quantum systems.
